Abstract-We give a language-independent characterization of the expressive power of the relational algebra on finite sets of source-target relation instance pairs. The associated decision problem is shown to be cograph-isomorphism hard and in coNP. The main result is also applied in providing a new characterization of the generic relational queries.
INTRODUCTION
WE investigate a generalization of the classic result of Bancilhon and Paredaens on the expressive power of the relational algebra [1] , [3] , [10] concerning the following decision problem:
BP-PAIR. Given a pair of relations ðs; tÞ, with s nonempty or t of positive arity, does there exist a relational algebra expression E such that EðsÞ ¼ t?
Bancilhon and Paredaens established that BP-PAIR is equivalent to the problem of determining whether or not 1) every atom occurring in t also occurs in s, and 2) every automorphism of s is also an automorphism of t. To date, the complexity of BP-PAIR has not been established. Clearly, each pair ðs i ; t i Þ satisfies BP-PAIR conditions 1 and 2, and hence, for each i ¼ 1; 2; 3, there exists a relational algebra expression E i such that E i ðs i Þ ¼ t i . It is also the case that there exists a single expression E such that Eðs i Þ ¼ t i , for each i ¼ 1; 2; 3; for example, the expression s À ðs Â hi ð 16 ¼2 ðsÞÞÞ behaves properly on each source instance. Suppose that t 2 also has tuple hc; bi. In this case, ðs 2 ; t 2 Þ violates condition 2, and hence there no longer exists an expression E 2 such that E 2 ðs 2 Þ ¼ t 2 (and, consequently, there also no longer exists a single expression for mapping all pairs). What if we were to additionally add tuple hb; ci to t 2 ? In this case, ðs 2 ; t 2 Þ again satisfies both 1 and 2, and hence there exists an expression E 2 such that E 2 ðs 2 Þ ¼ t 2 . Unfortunately, in this case, there still does not exist a general expression E which behaves properly on each ðs i ; t i Þ. This does not follow, however, from either condition 1 or 2. What is it about this set of instances that makes it unmappable? Is it possible to characterize the sets that are mappable?
The Problem
Towards resolving such questions about the expressive power of the relational algebra on sets of source/target instance pairs, in this note we introduce and study the following generalized decision problem:
BP-PAIRS. Given a set of pairs of relations fðs 1 ; t 1 Þ; . . . ; ðs k ; t k Þg, k ! 1, with each s i of arity m ! 0 and each t i of arity n ! 0, does there exist a relational algebra expression E such that Eðs i Þ ¼ t i for i ¼ 1; . . . ; k?
Note that BP-PAIRS allows empty source relations. It is clear that the classic BP-PAIR problem reduces to a strict special case of the generalized BP-PAIRS problem (namely, where k ¼ 1, the source relation is nonempty, and n ! 1).
Practical Significance
The present investigation was motivated by practical query discovery problems arising in the context of recent research on data integration, extraction, and exchange. In each of these domains, a crucial problem is the instance-driven discovery of mapping queries between autonomous data sources. In the context of data integration, recent research has explored the use of corresponding example instances of source and target schemas in the derivation of appropriate source-to-target data mapping queries [2] , [4] . In the context of data extraction, an extensive line of research has explored the use of example instances to derive "wrapper" queries for extraction of relevant information from data sources (e.g., [6] ). In the context of data exchange, an important issue is the discovery of source-to-target dependencies for translation of instances of a source schema into appropriate instances of a target schema (cf. [9] ). Important issues in each of these contexts are to characterize the goodness of sets of examples for query discovery and to understand the complexity of such derivations. The ubiquity of such instance-based reasoning in a variety of query discovery tasks led us to the present study of BP-PAIRS.
Summary of Results
In this note, we first give an exact language-independent characterization of when a solution to a BP-PAIRS instance exists and show how to construct an appropriate mapping expression E when this is the case. Next, we establish that BP-PAIRS is cographisomorphism-hard and in coNP. We then use these results to give a new characterization of the generic relational queries. We close by indicating topics for further investigation.
PRELIMINARY NOTIONS
In this section, we give basic definitions and notation used in this note.
Definition 1.
A relation r of arity n 2 IN is a finite subset of n Cartesian products of an infinitely enumerable domain ID of uninterpreted atoms: r & ID n . The active domain of r is the set of atoms occurring in r, denoted as adomðrÞ ¼ S n i¼1 fa i j ha 1 ; . . . ; a i ; . . . ; a n i 2 rg.
Notice that there are only two 0-ary relations: the empty relation fg and the relation with the empty tuple fhig. These are often used to encode false and true, respectively, as relations. In this way, boolean queries can be embedded in the relational model. Definition 2. An isomorphism ' from a relation r of arity n to a relation s of arity n is a permutation of ID such that, for all a 1 ; . . . ; a n 2 ID, it is the case that ha 1 ; . . . ; a n i 2 r if and only if h'ða 1 Þ; . . . ; 'ða n Þi 2 s.
Definition 3.
An automorphism ' of a relation r of arity n is an isomorphism from r to itself, i.e., for all a 1 ; . . . ; a n 2 ID, it is the case that ha 1 ; . . . ; a n i 2 r if and only if h'ða 1 Þ; . . . ; 'ða n Þi 2 r. The set of automorphisms of r is denoted AutðrÞ.
Notice that the restriction of an automorphism of r to adomðrÞ is necessarily a permutation of adomðrÞ.
Definition 4.
A BP-set is a finite set fðs 1 ; t 1 Þ; . . . ; ðs k ; t k Þg of k ! 1 pairs of relations, such that, for i ¼ 1; . . . ; k, s i is of arity m ! 0, and t i is of arity n ! 0.
We follow Paredaens' presentation of the relational algebra [10] , extended with a constant operator unit. In what follows, for a tuple t ¼ ha 1 ; . . . ; a n i 2 ID n , we denote by t½i the ith component of t, i.e., t½i ¼ a i for 1 i n. . The union of r and s is the relation
which is only defined when m ¼ n. .
The difference of r and s is the relation r À s ¼ ft j t 2 r and t = 2 sg; which is only defined when m ¼ n. .
The projection of r on hj 1 ; . . . ; j ' i (' ! 0 and, for i ¼ 1; . . . ; ', 1 j i mg) is the relation
hj1;...;j'i ðrÞ ¼ fht½j 1 ; . . . ; t½j ' i j t 2 rg:
. The equality selection of r on i and j (for 1 i; j m) is the relation i¼j ðrÞ ¼ ft j t 2 r and t½i ¼ t½jg. .
The inequality selection of r on i and j (for 1 i; j m) is the relation i6 ¼j ðrÞ ¼ ft j t 2 r and t½i 6 ¼ t½jg. .
The unit of r is the relation unitðrÞ ¼ fhig. If E is an expression over relation names R 1 ; . . . ; R k , then Eðr 1 ; . . . ; r k Þ denotes the relation which results from the evaluation of E with each R i bound to relation r i , for 1 i k.
Finally, we give a standard semantic notion for relational mappings.
Definition 6. A mapping Q from relations of some arity m ! 0 to relations of some arity n ! 0 is generic if, for each relation r of arity m and each permutation ' of ID, it is the case that 'ðQðrÞÞ ¼ Qð'ðrÞÞ.
RESOLVING THE BP-PAIRS PROBLEM
In Example 1, we claimed that the addition of tuples hb; ci and hc; bi to t 2 would make the BP-set fðs 1 ; t 1 Þ; ðs 2 ; t 2 Þ; ðs 3 ; t 3 Þg an invalid instance of BP-PAIRS, despite the fact that each pair in the set is a valid instance of BP-PAIR. We now prove this. In particular, we now present the main result, a language-independent characterization of the expressive power of the relational algebra on BP-sets.
Theorem 1. Let fðs 1 ; t 1 Þ; . . . ; ðs k ; t k Þg be a BP-set. The following statements are equivalent:
1
it is also an isomorphism from t i to t j .
Proof (1 ) 2). This implication follows immediately, since relational algebra queries are both domain-preserving and generic [1] , [3] , [10] .
(2 ) 1) Let m and n be the arity of each s i and t i , respectively, for 1 i k.
First, we observe that, for each i, the pair ðs i ; t i Þ is an instance of the classic BP-PAIR problem. By putting i ¼ j, condition 2.2 implies that each automorphism of s i is also an automorphism of t i . Hence, there exists a relational algebra expression E i taking one m-ary relation as argument and returning an n-ary relation as result such that E i ðs i Þ ¼ t i . We must note here that the border cases m ¼ 0 and/or n ¼ 0 were not explicitly considered in the original proof of Paredaens [10] . However, the expression E i ðrÞ ¼ r À r will do in the case that t i ¼ fg, irrespective of m, and the expression E i ðrÞ ¼ unitðrÞ will do in the case that t i ¼ fhig, irrespective of m.
Next, we note that, for each s i , there is a relational algebra expression F i such that a relation r is isomorphic with s i if and only if F i ðrÞ 6 ¼ ;. This fact was already shown by Bancilhon for the case when s i 6 ¼ fg [1] . In the case when s i ¼ fg, the boolean expression F i ðrÞ ¼ unitðrÞ À hi ðrÞ identifies relations isomorphic with s i .
Combining these results, the following relational algebra expression fulfills condition 1 of Theorem 1:
...;ni ðE i ðrÞ Â F i ðrÞÞ:
It is interesting to note that the proof of Theorem 1 provides an explicit PSPACE construction of an appropriate mapping expression, as is the case for the proof of Paredaens [10] of the BP-PAIR result.
At this point, however, we must emphasize that there is a fundamental difference between the classic BP-PAIR result and the BP-PAIRS result. The proof of Paredaens [10] of the BP-PAIR result reveals that the difference operator is not used in the construction of the required relational algebra expression in the case that m; n ! 1 and both source and target are nonempty. The expressions constructed are thus monotone in the sense that r 1 r 2 implies Eðr 1 Þ Eðr 2 Þ.
In the expressions F i (1 i k) in the proof of Theorem 1, the difference operator is used. This is not an incidental effect of the particular construction used, even in the case that m; n ! 1 and both source and target are nonempty. Indeed, solutions to BP-PAIRS make essential use of the difference operator since BP-sets can capture nonmonotone query behavior (since k can be greater than 1), and the relational algebra expressions without difference are always monotone. 1 Example 2. Consider the following pairs of source/target instances:
The BP-set fðs 1 ; t 1 Þ; ðs 2 ; t 2 Þg satisfies condition 2 of Theorem 1.
Hence, there exists a relational algebra expression E such that Eðs 1 Þ ¼ t 1 and Eðs 2 Þ ¼ t 2 . Obviously, E cannot be monotone, and therefore must contain the difference operator. This is also the case for the BP-set of Example 1.
COMPLEXITY OF THE BP-PAIR AND BP-PAIRS PROBLEMS
We next relate the complexity of BP-PAIR and BP-PAIRS to several well-known graph decision problems. First, we present some terminology.
Definition 7.
A graph G is a binary relation E over a finite domain V & ID. We write G ¼ ðV ; EÞ, where V is called the set of vertices and E V Â V is called the set of edges.
Definition 8. Two graph decision problems:
. Subgraph Isomorphism (SubGI): Given two graphs G 1 and G 2 , is G 1 isomorphic to a subgraph of G 2 ? .
Graph Isomorphism (GI): Given two graphs G 1 and G 2 , are they isomorphic?
SubGI is a typical NP-complete problem [8] . Clearly GI is also in NP; it is unknown, however, whether GI is in P, is NP-complete, or neither [8] .
We immediately observe the following:
Proof. Recall that coNP is the class of problems which have polynomial time disqualifications (for example, see [8] ). Given a BP-set fðs 1 ; t 1 Þ; . . . ; ðs k ; t k Þg, then guess an i, a j, and an isomorphism ' from s i to s j , and check in polynomial-time whether or not ' is also an isomorphism from t i to t j . If not, then, using the characterization of BP-PAIRS (Theorem 1), reject fðs 1 ; t 1 Þ; . . . ; ðs k ; t k Þg. t u Definition 9. Given a relation r and atom v 2 ID, define rv ¼ r Â fhvig.
We denote by P the complement of decision problem P, and by P p m P 0 that P polynomial time many-one reduces to problem P 0 [8] . We can now show the main result of this section. 
Theorem 2. GI
But then, by Theorem 1,
The second reduction follows directly from the definition of BP-PAIRS. The third reduction follows from Lemma 1 since SubGI is NP-complete. t u
AN OBSERVATION ON GENERIC QUERIES
As an application of Theorem 1, we have the following novel characterization of the generic relational queries.
Theorem 3. Let Q be a mapping from relations of arity m ! 0 to relations of arity n ! 0. Then, the following statements are equivalent:
For any finite set R of relations of arity m, there is a relational algebra expression E R such that, for every r 2 R, E R ðrÞ ¼ QðrÞ. 3. For any pair R ¼ fr 1 ; r 2 g of relations of arity m, there is a relational algebra expression E R such that, for i ¼ 1; 2, E R ðr i Þ ¼ Qðr i Þ.
Proof (1 ) 2). Let R ¼ fr 1 . . . ; r k g. Consider the pairs ðr i ; Qðr i ÞÞ, i ¼ 1; . . . ; k. Suppose that, for i; j ¼ 1; . . . ; k, ' is an isomorphism from r i to r j . Extend ' in an arbitrary way to a permutation of ID. Since Q is generic, 'ðQðr i ÞÞ ¼ Qð'ðr i ÞÞ ¼ Qðr j Þ. Hence, ' is an isomorphism from Qðr i Þ to Qðr j Þ. Since it is also the case that adomðQðr i ÞÞ adomðr i Þ, we have from Theorem 1 that there exists a relational algebra expression E R such that, for every r 2 R, E R ðrÞ ¼ QðrÞ.
Let r be a relation of arity m and ' be a permutation on ID. Let R ¼ fr; 'ðrÞg. By assumption, there exists a relational algebra expression E R such that E R ðrÞ ¼ QðrÞ and E R ð'ðrÞÞ ¼ Qð'ðrÞÞ. Since the relational algebra is generic, we have that 'ðQðrÞÞ ¼ 'ðE R ðrÞÞ ¼ E R ð'ðrÞÞ ¼ Qð'ðrÞÞ. t u Theorem 3 highlights once more the fundamental difference between the classic BP-PAIR case and the BP-PAIRS case. Not only does the proof of Theorem 3 heavily rely on the the fact that jRj > 1, but furthermore, without this condition the result simply does not hold. To see this, let a 2 ID. Consider the mapping Q for which QðfhaigÞ ¼ fhaig and QðrÞ ¼ ; for r 6 ¼ fhaig. Clearly, Q is computable, but not generic. To see this, choose b 2 ID such that a 6 ¼ b. Consider the permutation of ID that swaps a and b and fixes all other elements of ID. While this permutation is an isomorphism from fhaig to fhbig, it is not an isomorphism from QðfhaigÞ ¼ fhaig to QðfhbigÞ ¼ ;. Nevertheless, Q satisfies statement 2 of Theorem 3 for jRj ¼ 1.
1. For the same reason, one cannot simply reduce the BP-PAIRS problem for a BP-set fðs 1 ; t 1 Þ; . . . ; ðs 2 ; t 2 Þg to the BP-PAIR problem for the pair ðs 1 Â Á Á Á Â s k ; t 1 Â Á Á Á Â t k Þ, even in the case that m; n ! 1 and all relations under consideration are nonempty.
All of the results established above also hold for the natural generalization of BP-PAIRS to the nested relational model, following Gyssens et al. [12] . It may also prove fruitful to investigate similar generalizations of instance-driven query discovery for graph [5] and XML [7] data. We close by noting several further open questions which naturally arise from the present investigation.
.
Recently, results have been established on the complexity of repairing data mapping expressions for several logical languages [11] . In the context of reasoning about BP-sets, one can dually consider repairing instances for data mapping discovery.
Suppose a BP-set only satisfies condition 2.1 of Theorem 1. What is the minimal number of tuple additions and/or deletions required to "repair" the set such that it also satisfies condition 2.2? For some k ! 0, can the set be repaired with at most k such updates? -Suppose a BP-set fðs 1 ; t 1 Þ; . . . ; ðs k ; t k Þg fails to satisfy condition 2.1 of Theorem 1. Can one find a renaming of the atoms in S 1 i k adomðs i Þ with atoms in S 1 i k adomðt i Þ such that the set satisfies both conditions 2.1 and 2.2? In other words, for the given BP-set, does there exist a relational algebra expression E and binary relation S 1 i k adomðs i Þ Â S 1 i k adomðt i Þ such that Eðs i ; Þ ¼ t i , for each 1 i k? Note that BP-PAIRS is just the special case of this problem where is restricted to subsets of the identity relation on S 1 i k adomðs i Þ. Are there natural characterizations and practical algorithmic solutions for such instance repair problems? .
A BP-set can be thought of as a "sample" or finite "trace" of an infinite query. Although Theorem 1 provides an explicit means to construct an appropriate mapping query when possible, there is no guarantee that in practice this query is a "desirable," "interesting," or the "best" mapping for a given context. For example, consider again the BP-set of Example 1. In this case, the mapping expression constructed using Theorem 1 consists of a union of expressions, each of which consists of crossproducts and unions of sizeable subexpressions [10] . In contrast, we saw in Example 1 that the succinct expression s À ðs Â hi ð 16 ¼2 ðsÞÞÞ is sufficient. Consequently, towards applications of Theorem 1 it is important to develop meaningful notions of query interestingness and goodness-of-fit.
